ABSTRACT. A conjecture of A. Joyal is proved, which states that, in contrast to topological spaces, toposes which are connected and locally connected are also path-connected. The reason for this phenomenon is the triviality of cardinality considerations in the topos-theoretic setting; any inhabited object pulls back to an enumerable object under some open surjective geometric morphism. This result points towards a homotopy theory for toposes.
1. Preliminaries. In this paper, all toposes are Grothendieck over a fixed, but arbitrary, base topos y (thought of as "the" category of sets). 1.1 Spaces and locales. Our terminology concerning locales, spaces, etc., will be as in Joyal and Tierney (1984) . So a locale is a complete Heyting algebra, and a map of locales is a function which preserves finite meets and arbitrary sups; spaces are the duals of locales. For a space X, d( X) denotes the corresponding locale, the elements of which are called the opens of X. A (sober) topological space is a space with enough points. A presentation of a space X is a poset P equipped with a stable system of covering families such that d(X) is isomorphic to the set of downwards closed subsets of P which are closed for the system of covers; i.e.,
d ( X) _ { S c P|( p < q c S > p c S ), and (T covers p, T c S s p c S) } .
(Equivalently, P is a site for the topos of sheaves on X.)
For general information about spaces and locales, see Isbell (1972) , Johnstone (1982) , Joyal and Tierney (1982) , and Hyland (1981).
Open maps. A geometric morphism s > g is open if (p* preserves first-order logic. (p is open iff its localic part (its spatial reflection) is, iff the unique AV-map Qg (p*(Q^) in g has an internal left adjoint. (A topos s is called open if the canonical map S y is an open geometric morphism.) An important characterization states that s > g is open iff
there is a site C for s in g such that (in g it holds that) all covers in C are inhabited. We can take C to have a terminal object iff S g is also a surjection. In particular, a space X is open (and surjective) iff it has a presentation P (with a top-element 1) the covers of which are all inhabited.
For some proofs and more information, see Johnstone (1980) g is locally connected iff there is a site C for s in , all whose covers are inhabited and connected, and we may take C to have a terminal iff p is also connected. In particular, a space X is connected and locally connected iff it has a presentation P with a top-element 1 whose covers are inhabited and connected. For P we can take the connected open subspaces of X, so we may without loss of generality assume that P is closed under sups of chains. (A chain in P is a sequence (V1, . . ., Vk) of elements of P such that for each i = 1, . . ., k -1, there is a W, c P with W, < V,, Wi < Vi+1; equivalently, since all covers in P are inhabited, Vi A Vi+ is a surjective (open) space.) We call such a presentation P of X, with 1 c P, P closed under sups of chains, and all covers inhabited and connected, a molecular presentation of X.
For proofs and further information, see Barr and Pare (1980) , and the appendix of Moerdijk (1984 For exponentials of toposes see Johnstone and Joyal (1984) ; the case of spaces is dealt with in Hyland (1981). 1.5 The unit interval. By the unit interval I we will always mean the unit interval as defined as a locale, as a "formal space" (see e.g. Fourman and Grayson (1982) ). Thus, in any topos , I is a compact regular space, and hence exponentiable as a space and as a topos. Moreover, the construction of I as a formal space is stable; i.e. for a geometric morphism S' >S, #(I5fi) = I5fi, (where the subscript denotes where I is constructed; by stability, this subscript can be suppressed). (I need not coincide with the corresponding topological space of Dedekind cuts; in fact it does iff this topological space is compact. Since we work over an arbitrary base topos, we have to deal with the formal space rather than the topological space.) 1.6 Some base extensions. We will use the following three types of base extensions.
LEMMA A (JOYAL). Let g be a given topos over 5p. Then there exists a space X in S° and a geometric morphism X > g which is connected and locally connected. Thus, if g is itself connected locally connected, so is X. Axioms of choice are generally not available in a topos. However, the following lemma says that we can apply an axiom of dependent choices in the context of toposes, provided we allow for a change of base.
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LEMMA C. Let S be cm object °S 5°, clnd let T be cln inhclbited tree of Sinite sequences Srom S, "a11 whose brclnches clre inSinite":
(
i) ( ) E T, (ii) u < vandu E T v E T(u < vmeclnsthcltuextendsv), (iii) u E T 3s E S u * s E T (* Sor conecltencltion).
Then there exists cln open surjection 5> such thclt Thcls a brclnch in ; i.e., there is cl Sunction N y*(S) in g such thclt (in g it holds thclt) d n E N(a(O), . . ., a(n)) E 7*(T).
PROOF. We introduce a generic branch in the standard way: consider T as a poset and make it into a presentation of a space X by equipping it with the covering system generated by {u * Sls E S } covers u, for each u E T. T has a top-element (i), and all covers are inhabited (iii), so if we take 66 to be the topos of sheaves on X, 66 y is an open surjection. commutes. Thls proves the claim and completes 2.1.
REMARK (ADDED IN PROOF). It was recently discovered that if S 8 is any connected, locally connected map of toposes, then ' 8' is a stable surjection;
cf. Moerdijk (1985) . The proof of this result, however, is much more complicated than (and completely different from) the particular case treated in the preceding claim.
We will first prove a slightly weaker version of the theorem, namely 2.2 PROPOSITION. Let X be a connected locally connected space. Then X' > X X X is a stable surjection.
As said in the introduction, our strategy will be to extend the base topos tY sufficiently so as to be able to perform a classical argument (in 2.5 below) somewhat similar to Menger (1929), Moore (1932) (see also Engelking (1977, exercise 6.3.11) ). To this end, we first introduce a generic pair of points (in 2.3), and then we force some countability conditions (in 2.4).
2 and the pel: {1, . . ., k(m + 1)} {1,. . ., k(m " ( j = 1, . . ., k(n)) by a common refinement XYj of the covers 6P"+l(VpnmltO ... Opt1-l(y)) m' < n. Choose a WO 3 zO in P such that WO < some element of 91, and WO < N"+l(zo) Similarly choose a Wk(,7+ 1) 3 zl such that Wk("+ 1) < some element of jYk(n) and Wk("+ 1) < N,7+ l(Zl) Now for each j < k(n), some Wj E XYj must have positive intersection with some W,+l E fj+l (i.e. 3 U E P U A Wj and U A WJ+1) NOW let Vl"+l = WO, V2'7+l,...,Vk'7+ll = W1 be a chain in f1, and let Vk"+l be an element of P with V;;t7+1 < W1 and Vk"+l < W2 (SO in particular Vk"+l < Vln and Vk"+l < V2", for condition (d)). Let p"(i) = 1 for 1 < i < k. NOW define the next bit Vk"++ll, . . ., Vk"++l in a similar way: let Vk"++ll= Vk"+l, let Vk"++2l = W2 Vkn++31 Vk"++ll 1 = W2 be a chain from W2 to W2 in jY2 and let Vk"++ll be an element of P with Vk"++l < W2 and This completes the proof of Proposition 2.2. In 2.7 we will show that X' X x X . . . .
1S
ln tact an open surJectlon.
2.6 REMARK. As said in the introduction, one can also give a more "algebraic" proof, by working directly with sites (presentations). We briefly describe the sites involved. Let X be a connected locally connected space, with a molecular presentation P. Hyland (1981) 
